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We investigate properties of the ground state of a light quark matter with heavy quark impurities.
This system exhibits the “QCD Kondo effect” where the interaction strength between a light quark
near the Fermi surface and a heavy quark increases with decreasing energy of the light quark
towards the Fermi energy, and diverges at some scale near the Fermi energy, called the Kondo scale.
Around and below the Kondo scale, we must treat the dynamics nonperturbatively. As a typical
nonperturbative method to treat the strong coupling regime, we adopt a mean-field approach where
we introduce a condensate, the Kondo condensate, representing a mixing between a light quark
and a heavy quark, and determine the ground state in the presence of the Kondo condensate. We
show that the ground state is a topologically non-trivial state and the heavy quark spin forms the
hedgehog configuration in the momentum space. We can define the Berry phase for the ground-state
wavefunction in the momentum space which is associated with a monopole at the position of a heavy
quark. We also investigate fluctuations around the mean field in the random-phase approximation,
and show the existence of (exciton-like) collective excitations made of a hole h of a light quark and
a heavy quark Q.
PACS numbers: 12.39.Hg,21.65.Qr,12.38.Mh,72.15.Qm
I. INTRODUCTION
The Kondo effect has been studied in a variety of
fermionic systems containing heavy particles as impuri-
ties. It is the phenomenon that the interaction between
a light fermion near the Fermi surface and a heavy im-
purity particle becomes stronger due to quantum fluc-
tuations at low temperatures, and it drastically affects
the transportation and thermodynamic properties of the
bulk matter [1]. The essential conditions for the Kondo
effect to occur are summarized as the existence of the
following three ingredients: (i) Fermi surface (degener-
ate state), (ii) loop effects (particle-hole creation) and
(iii) non-Abelian interaction between a light fermion and
a heavy impurity [2–4]. Historically, the Kondo effect was
observed in metals with impurity atoms having a finite
spin [1]. There, the non-Abelian interaction is played
by the spin SU(2)spin symmetry supplied by the spin-
exchange between the electron and the impurity atom,
and it was demonstrated by J. Kondo that the second
order perturbation for the scattering amplitude between
an electron and the heavy spin yields the enhancement of
the amplitude due to the three ingredients shown above.
Since then, the Kondo effect has been widely applied
to various systems including artificial materials, such as
quantum dots, and also to the multi-band electron sys-
tems which are regarded to have the SU(n) symmetry
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with n being the number of electron bands [5–10]. Hence,
the Kondo effect is now recognized as a typical example
of the strongly correlated condensed matter systems.
Recently, the Kondo effect has expanded its region of
applicability to the world of strong interaction which is
the fundamental force of nuclei, hadrons, quarks and
antiquarks [11–19]. There are several sources of non-
Abelian interaction in strong interaction: spin, isospin
(flavor) and color. We can study different types of the
Kondo effect depending on what type of the non-Abelian
interaction we choose. The first application [11] of the
Kondo effect to the strong interaction was done in a nu-
clear matter containing D¯ orB mesons as impurities 1. In
fact, D¯ and B mesons are heavier than a nucleon in a nu-
cleus, mD¯ = 1.87 GeV and mB = 5.28 GeV [21], and thus
can be treated as heavy impurities. The non-Abelian in-
teraction is provided by the isospin-exchange interaction
between a D¯ or B meson and a nucleon, whose symme-
try is given by SU(2)isospin [11, 14]. When a D¯
∗ (B∗)
meson is regarded as the spin partner of a D¯ (B) meson,
we can also consider the spin-exchange interaction as the
non-Abelian interaction governed by the SU(2)spin sym-
metry [16]. The same paper also discussed the Kondo ef-
fect in a light flavor quark matter containing c (b) quarks
as impurities [11]. In addition to the fact that c, b quarks
are much heavier than the light quarks, mc = 1.27 GeV,
mb = 4.18 GeV [21], the heaviness of c and b quarks also
1 For a review on current status of heavy hadrons in nuclear mat-
ter, see Ref. [20].
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2ensures the existence of a light quark matter which will be
realized at a relatively large chemical potential µ so that
there is a hierarchy µ  mc,mb. The non-Abelian in-
teraction is given by the color-exchange interaction with
SU(3)c symmetry. This type of the Kondo effect working
in a light quark matter is in particular called the QCD
Kondo effect, and this is the main subject of the present
paper.
Since the first publication on the QCD Kondo effect
[11], we have already seen a considerable progress in un-
derstanding unique and intriguing aspects of the QCD
Kondo effect. Let us briefly give an overview on the
previous works [12, 13, 15, 17, 19]. The first analysis
on the QCD Kondo effect [11] was performed with the
four-Fermi interaction between a light quark and a heavy
quark which minimally represents the non-Abelian prop-
erty of the color-exchange interaction. Namely, the in-
teraction is proportional to a product of two Gell-Mann
matrices λa ·λa (a = 1, . . . , N2c − 1) for the SU(Nc) color
symmetry. For the analysis of scattering between a light
quark near the Fermi energy and a heavy impurity, we are
able to take the QCD coupling αs(µ) small enough, which
implies that the four-Fermi interaction strength is also
taken to be small enough. However, a one-loop perturba-
tive calculation for the scattering between a light quark
and a heavy impurity turns out to logarithmically in-
crease as the energy of the light quark decreases towards
the Fermi energy. This means that the effective interac-
tion becomes stronger with decreasing energy scale and
that perturbative analysis would become invalid at some
lower energy scale. This is nothing but the appearance
of the Kondo effect, and the lower energy scale where the
perturbative calculation breaks down corresponds to the
Kondo scale.
Later, a more precise calculation was performed based
on the finite-density QCD perturbation theory [12].
While the four-Fermi interaction in the previous work is a
contact interaction with a zero interaction range, the ac-
tual interaction between a light quark and a heavy quark
must be described by the exchange of a gluon and thus
has a finite interaction range. Indeed, at finite densities,
gluon propagation is screened by the medium effects: the
electric component is screened to acquire the Debye mass,
while the magnetic component is dynamically screened.
Still, we are able to define the effective coupling simi-
lar to the one in the four-Fermi interaction through the
s-wave projection of the scattering amplitude. With a
small QCD coupling αs(µ)  1 for a large chemical po-
tential µ, we can perform perturbative analysis for the
calculation of scattering amplitudes of a light quark near
the Fermi surface off a heavy quark impurity. In order
to study how the effective coupling strength varies with
decreasing energy of a light quark, the renormalization
group analysis was done up to the one-loop order and
it was shown that the effective coupling increases with
decreasing energy scales of a light quark, and that there
exists the Kondo scale at which the effective coupling
diverges. Notice that these results are all qualitatively
consistent with those of the previous work in Ref. [11],
which justifies the use of the four-Fermi interaction in
the study of the QCD Kondo effect.
Incidentally, what the first condition (i) truly implies
is that there must be a finite degeneracy at the lowest en-
ergy state (without a mass gap). Then, we expect that
the QCD Kondo effect will also take place in a strong
magnetic field which induces the formation of the Landau
levels with a nonzero degeneracy in the lowest Landau
level and allows for a linear dispersion in the direction
parallel to the magnetic field. This idea was explicitly
demonstrated in Ref. [13] and the effect is called mag-
netically induced QCD Kondo effect. This is a unique
phenomena in QCD which is not seen in the ordinary
Kondo effect in condensed matter physics: while impos-
ing a magnetic field inhibits the ordinary Kondo effect
with the spin-flip interaction, the non-Abelian interac-
tion in the QCD Kondo effect does not directly feel the
magnetic field (only through the magnetic screening of
gluon propagation) and it makes sense to impose a strong
magnetic field.
As repeatedly mentioned, the perturbative analysis (or
improved analysis with the renormalization group) of the
Kondo effect indicates that there exists a strongly cou-
pled regime. It corresponds to a shell outside of the
Fermi surface whose thickness is typically specified by
the Kondo scale. The perturbative analysis works only
outside of this shell, and we have to resort to some non-
perturbative method to go into the shell. For example,
if one is exactly on the Fermi sphere, one can utilize the
(boundary) conformal field theory as a nonperturbative
technique as was recently done in Ref. [19]. It was sug-
gested that the quark matter with two flavors (u and
d) and three colors (Nc = 3) will be a non-Fermi liquid.
While the conformal field theory is a powerful nonpertur-
bative technique, the connection with the perturbative
region (i.e., the region outside the shell) is not clear. It
should also be noticed that both the perturbative anal-
ysis of the scattering amplitudes and the conformal field
theory treat only a single heavy impurity. In the actual
situation, however, we expect impurities are randomly
distributed in a quark matter with a small averaged den-
sity. In order to find a ground state of such a system, we
need to introduce a nonperturbative and field-theoretical
technique as was done in Ref. [15].
It is instructive to recall the mechanism of supercon-
ductivity and chiral symmetry breaking. In both cases,
interactions in the relevant channels (electron-electron
scattering for superconductivity and quark-antiquark
scattering for chiral symmetry breaking) increase with
decreasing scattering energies, which leads to formation
of bound states accompanied by nonzero condensates.
We expect that similar phenomena occur in the QCD
Kondo effect when we treat it in a field-theoretical way.
Namely, enhancement of the light and heavy quark in-
teraction will entail the formation of a bound state and
the generation of a nonzero condensate. As is well-known
in the superconductivity and chiral symmetry breaking,
3we can nonperturbatively study these phenomena by the
mean-field approach. Indeed, the mean-field approach is
found to be useful in the Kondo effect in condensed mat-
ter physics [22–27]. Motivated by these observations, the
mean-field approach was applied to the QCD Kondo ef-
fect by us in Ref. [15]. The mean-field was defined as the
expectation value of a product of a light quark field and a
heavy quark field, and we called it the Kondo condensate.
The mean-field approximation for the four-Fermi interac-
tion generates a mixing term between a light quark and
a heavy quark, with the strength of mixing determined
by the Kondo condensate. By solving the gap equation,
we found that a finite value of the mean-field is favored
as the stable solution. We can map the region of nonzero
Kondo condensate on the λ-µ plane (λ is the Lagrange
multiplier for the heavy-quark density and µ is the chem-
ical potential for the light quark) and called it the Kondo
phase. In Ref. [15], a uniform number density of heavy
quarks was assumed for simplicity so that the mean-field
is also homogeneous. Although this setting is far from
the actual situation with a small number of randomly
distributed impurities, we can extract physical informa-
tion from this simple calculation by estimating the energy
gain per a heavy quark. Later, in Ref. [17], the opposite
situation with a single heavy quark was also analyzed in
the mean-field approach. In this case, one has to treat
the mean field which is not homogeneous in space. It was
shown that the energy gain of a single heavy quark in the
Kondo condensate is comparable with that obtained from
uniform heavy quark density. This comparison suggests
that the actual value would be close to these values.
In the present article, we continue the mean-field anal-
ysis of the previous work [15] and perform a detailed
study on the properties of the ground state in the pres-
ence of the Kondo condensate. We also investigate the
stability of the mean-field by including quantum fluctua-
tions around it. The Kondo condensate found in Ref. [15]
has a unique structure: it is made of a combination of
the scalar-type condensate and the vector-type conden-
sate (see also Ref. [17]). We show that such a coexistence
of the scalar and vector condensates leads to the lock-
ing of chiral symmetry and heavy quark spin symmetry
as well as to topologically non-trivial properties in the
ground state. These are new properties which have not
been known in a quark matter. As for the topological
properties, we show that the heavy quark spin forms a
hedgehog configuration in momentum space. By using
the quasi-quark wave function, which is a mixed state of
the light and heavy quarks in the presence of the Kondo
condensate, we can define the Berry phase in momen-
tum space which is associated with a monopole. As for
the quantum fluctuations around the Kondo condensate,
we consider the collective excitations of the light quark
q (hole h) and the heavy quark Q within the random-
phase approximation, and find that hQ bound states,
which are analog of excitons, appear as collective modes.
As already mentioned, one of the important properties
of the Kondo effect is the enhancement of the interac-
tion strength between a light quark and a heavy quark.
We show this enhancement in the effective Lagrangian
including the mean-field and the quantum fluctuations.
The contents of the present article are the following. In
Sec. II, we define the Lagrangian describing the system
with light quarks and heavy quarks which are interact-
ing with each other via the color-current-current inter-
action. This interaction has the SU(Nc) color symmetry
which is responsible for the non-Abelian interaction nec-
essary for the Kondo effect, and U(Nf )V × U(Nf )A chi-
ral symmetry for Nf light flavors. In Sec. III, we study
the ground state with the Kondo effect by applying the
mean-field approach. We show that the Kondo conden-
sate is realized in the ground state, and that the wave-
function of the ground state has topologically non-trivial
properties: hedgehog configurations of heavy quark spin
and monopoles associated with the Berry phase, both of
which appear in momentum space. In Sec. IV, we dis-
cuss the collective excitations of a hole of a light quark
h and a heavy quark Q beyond the mean-field using the
random-phase approximation. The final section is de-
voted to conclusion.
II. COLOR-CURRENT INTERACTION
In this section, we define the model we analyze, in par-
ticular, the interaction between a light quark and a heavy
quark. As we commented in the Introduction, the QCD
Kondo effect is well studied by the contact four-Fermi
interaction which reproduces qualitatively the same re-
sults as the one-gluon exchange interaction. Thus, for the
purpose of developing new nonperturbative method, we
adopt the contact four-Fermi interaction. We construct
the model so that it possesses the chiral symmetry in the
light quark sector, and the heavy quark (spin) symmetry
(HQS) in the heavy quark sector.
As for the heavy quark sector, we use the framework
of the heavy quark effective theory [28, 29]. In this for-
malism, we focus on the dynamics of a heavy quark as-
sociated with deviation from the on-mass-shell motion.
Namely, we separate the heavy quark momentum Pµ into
the on-mass-shell part (mQv
µ with mQ being the mass
and vµ being the four velocity of the heavy quark) and the
off-mass-shell part (pµ), Pµ = mQv
µ + pµ, and consider
the dynamics with respect to the off-mass-shell momen-
tum pµ. The four velocity vµ = (v0, ~v ) is defined so as to
satisfy the on-mass-shell condition, vµvµ = 1, and v
0 > 0
for a positive energy state. Since we are interested in mo-
mentum scales in the infrared region pµ ' ΛQCD, where
ΛQCD is the typical low-energy scale of QCD of a few
hundred MeV [21], we are able to take pµ much smaller
than mQv
µ for sufficiently large mQ (p
µ  mQ). We
treat that the on-mass-shell motion of a heavy quark is
not affected by the interaction with light particles (light
quarks and gluons). We call the reference frame in which
the heavy quark is moving at the velocity vµ the v-frame.
In such a frame, if we extract the on-mass-shell motion,
4the dynamics of the heavy quark is only described by
the residual momentum pµ. Therefore, it is convenient
to redefine the heavy quark field Ψ so that the on-mass-
shell motion is made manifest [28, 29]: we introduce an
effective field Ψv by Ψv =
1+v/
2 e
imQ·vΨ where 1+v/2 is a
projection operator on the positive-energy component of
the heavy quark field, and eimQv·x represents the on-
mass-shell motion. We notice that, after eliminating the
on-mass-shell dynamics, Ψv depends only on the resid-
ual momentum pµ as a dynamical variable. It should
be also noticed that the heavy quark effective theory is
originally invented to describe the dynamics of a single
heavy quark in a heavy-light bound state. If there are
several heavy quarks and they are moving at different
velocities vµi , analysis becomes quite complicated. Thus,
we assume that all the heavy quarks are moving at the
same velocity and in the same direction, vµi = v
µ. This
is, however, a natural situation for heavy quarks because
it implies that we can take the rest frame where all the
heavy quarks are at rest.
In the following, we work in the frame where all the
heavy quarks are at rest (static frame), or equivalently,
we simply take vµ = (1,~0 ). Then, the projection opera-
tor 1+v/2 =
1+γ0
2 is, in the standard representation of the
Dirac matrices2, nothing but the projection on the up-
per two components, as known in the nonrelativistic limit
of a Dirac fermion. In the present paper, we will work
in the standard representation for the Dirac matrices,
but we express the upper two components of the heavy
quark as Ψv too, to avoid introducing too many nota-
tions. It is important that the heavy quark spin “up” and
“down” components are not mixed in the heavy-quark
mass limit, so that the heavy quark spin is always the
conserved quantity. This is called the heavy quark (spin)
symmetry (HQS), SU(2)HQS, which is the symmetry for
the invariance under interchange of the spin up and down
components.
We construct the model so that the Lagrangian has the
chiral symmetry for (massless) Nf light quarks U(Nf )V×
U(Nf )A and the heavy quark symmetry SU(2)HQS for
one flavor heavy quark. Since we are interested in the
Kondo effect, we only focus on the interaction between
the light and heavy quarks.3 Notice that the color cur-
rents jaµ = ψ¯γµT
aψ and Jaµ = Ψ¯γµT
aΨ = Ψ¯vγµT
aΨv are
invariant under the chiral transformation and the spin ro-
tation, respectively. Here, T a = λa/2 (a = 1, . . . , N2c −1)
with the Gell-Mann matrices λa are the generators of
color SU(Nc) symmetry. Thus we introduce in the La-
grangian the current-current interaction Gcj
a
µJ
aµ be-
2 Throughout the paper, we use the Dirac representation for γ
matrices: γ0 =
(
1 0
0 −1
)
, γi =
(
0 σi
−σi 0
)
, γ5 =
(
0 1
1 0
)
.
3 We are able to study the effects of interactions between light
quarks which induce the chiral symmetry breaking, which is re-
ported elsewhere.
tween the light quark and the heavy quark [11, 15, 17]:
L = ψ¯(i∂/+ µγ0)ψ + Ψ¯vv ·i∂Ψv
−Gc
N2c−1∑
a=1
(ψ¯γµT aψ)(Ψ¯vγµT
aΨv). (1)
The first term is the kinetic term for massless light quarks
and indices for Nf light flavors ψ = (ψ1, . . . , ψNf )
t are
implicit. We assume that light quarks have a common
chemical potential µ. The second term is the (off-mass-
shell) kinetic term for a heavy quark, and the spatial
derivative is meant to be associated with the off-mass-
shell momentum pµ. The third term is the four-point
interaction, i.e. the color-current color-current interac-
tion representing exchange of a color between a light
quark and a heavy quark as mimicking the one-gluon
exchange in QCD 4. The non-Abelian property of the
color exchange interaction is important in the Kondo ef-
fect, as shown in our previous works. As is common
to fermionic effective theories with contact-type interac-
tions, we need to introduce a cutoff Λ to remedy possi-
ble ultraviolet divergences. As for the numerical values
for the coupling constant Gc and the cutoff Λ, we use
GcΛ
2 = (9/2)4.0 with the three-dimensional momentum
cutoff Λ = 0.65 GeV in our numerical calculations as es-
timated in Appendix A.
Notice that the Lagrangian (1) contains chemical po-
tentials µ only for the light quarks, and lacks the infor-
mation on the distribution of heavy quarks. We are going
to analyze the situation where the heavy quark impuri-
ties are randomly distributed in a light quark matter and
thus are not treated as a Fermi gas [15], which is not sim-
ply expressed by the introduction of a chemical potential.
We assume that the information of randomly distributed
heavy quarks can be specified by a static function nQ(~x)
for the number density. On the other hand, since the
operator for the number density of heavy quarks is given
by Ψ†vΨv = Ψ¯vΨv (notice Ψ¯v = Ψ
†
v), we impose
Ψ¯v(~x)Ψv(~x) = nQ(~x). (2)
This condition can be easily included in the Lagrangian
(1) by the introduction of a Lagrange multiplier λ so that
δ[f(x)] =
∫ Dλ e−iλf with f(x) = Ψ¯v(~x)Ψv(~x) − nQ(~x).
Together with this constraint term, the Lagrangian is
now redefined as (in the momentum space)
Leff = ψ¯(p/+ µγ0)ψ + Ψ¯vv ·pΨv
−Gc
N2c−1∑
a=1
(ψ¯γµT aψ)(Ψ¯vγµT
aΨv)
−λ(Ψ¯vΨv − nQ). (3)
4 When the color-current color-current interaction in Eq. (1) is re-
placed by the interaction between only light quarks, it is nothing
but the Nambu–Jona-Lasinio interaction used for description of
the dynamical breaking of chiral symmetry in vacuum [30–34].
5The value of λ will be determined by the stationary con-
dition ∂Ω/∂λ = 0 for the thermodynamic potential Ω
with a given function nQ.
The number density nQ(~x) of N heavy quark impuri-
ties that are located at positions ~x = ~xi is given by
nQ(~x) =
N∑
i=1
δ(3)(~x− ~xi), (4)
where δ(3)(~x) is a three-dimensional δ-function. Since we
assume all the heavy quarks are at rest, nQ(~x) does not
depend on time. In general, positions of heavy quarks
are random, and it is convenient to treat the number
density averaged over the positions. Namely, we intro-
duce a number nQ given by
nQ ≡ 〈nQ(~x)〉Q , (5)
where 〈· · · 〉Q denotes the average over random configura-
tion {~xi}. Notice that, after averaging over the random
configuration, nQ is no longer a function of ~x and can be
treated as a constant number. In the present paper, we
perform the average over the random configuration first,
and treat the number distribution nQ(~x) as if it is just a
constant nQ(~x) = nQ as given by Eq. (5). This is tech-
nically convenient because the translational invariance is
kept with a constant number density. Besides, we can
regard such a replacement as a good approximation for
the dynamics of light quarks having wave lengths longer
than a typical coherence length of the Kondo state or a
typical distance between heavy impurities.
III. KONDO PHASE: GROUND STATE
In this section, we present a detailed investigation on
the properties of the ground state within the mean-field
approximation. After solving the gap equation at zero
and finite temperatures, which reproduces the previous
work [15], we further discuss the symmetry breaking pat-
tern and topological properties of the ground state with
the Kondo condensate.
A. Mean-field approximation
We determine the ground state of the Lagrangian (3)
by the mean-field approximation to the color-current in-
teraction. Since we are now interested in enhanced cor-
relations between a light quark and a heavy quark impu-
rity that are represented as operators of the type ψ¯OΨv
or Ψ¯vOψ, we rearrange the interaction by using the
Fierz transformation so that the form of ψ¯OψΨ¯vOΨv
in the original interaction is transformed into the form
of ψ¯O′ΨvΨ¯vO′ψ. Among several different Fierz trans-
formations as summarized in Appendix B, we adopt
Eq. (B1) for the Dirac matrices, and Eq. (B4) for the
Gell-Mann matrices. The Fierz transformations are per-
formed for each flavor i = 1, . . . , Nf . Then, we divide the
interaction term in Eq. (3) into color-singlet and color-
octet parts:
Lint = Lsingint + Loctint , (6)
with
Lsingint =
N2c − 1
2N2c
Gc
Nf∑
i=1
{
(ψ¯iΨv)(Ψ¯vψi) + (ψ¯iiγ5Ψv)(Ψ¯viγ5ψi)− 1
2
(ψ¯iγ
µΨv)(Ψ¯vγµψi)− 1
2
(ψ¯iγ
µγ5Ψv)(Ψ¯vγµγ5ψi)
}
,
(7)
Loctint = −
1
4Nc
Gc
Nf∑
i=1
N2c−1∑
a=1
{
(ψ¯iλ
aΨv)(Ψ¯vλ
aψi) + (ψ¯iiγ5λ
aΨv)(Ψ¯viγ5λ
aψi)− 1
2
(ψ¯iγ
µλaΨv)(Ψ¯vγµλ
aψi)
−1
2
(ψ¯iγ
µγ5λ
aΨv)(Ψ¯vγµγ5λ
aψi)
}
, (8)
where the light flavor indices i = 1, . . . , Nf are explic-
itly shown. The minus sign due to the exchange of the
fermion fields is included. We notice that the coupling
constant of the color-octet part Loctint is suppressed by a
factor of 1/Nc, while that of the color-singlet part Lsingint
is not. Therefore, in the following, we consider only the
6color-singlet part as the dominant interaction 5.
By using the relation γ0Ψv = Ψv for the heavy quark in
the rest frame, one can rewrite the singlet interaction (7)
as
Lsingint =
N2c − 1
4N2c
Gc
Nf∑
i=1
{
(ψ¯iΨv)(Ψ¯vψi) + (ψ¯iiγ5Ψv)(Ψ¯viγ5ψi) + (ψ¯i~γΨv)(Ψ¯v~γψi) + (ψ¯i~γγ5Ψv)(Ψ¯v~γγ5ψi)
}
, (10)
which is composed of the scalar, pseudoscalar, vector and axial vector terms. Before we perform the mean-field
approximation, let us rewrite each term
N2c − 1
4N2c
Gc(ψ¯iΨv)(Ψ¯vψi) = (Ψ¯vψi)Φi + Φ
†
i (ψ¯iΨv)−
4N2c
(N2c − 1)Gc
|Φi|2, (11)
N2c − 1
4N2c
Gc(ψ¯iiγ5Ψv)(Ψ¯viγ5ψi) = (Ψ¯viγ5ψi)Φi5 + Φ
†
i5(ψ¯iiγ5Ψv)−
4N2c
(N2c − 1)Gc
|Φi5|2, (12)
N2c − 1
4N2c
Gc(ψ¯i~γΨv)(Ψ¯v~γψi) = (Ψ¯v~γψi)~Φi + ~Φ
†
i (ψ¯i~γΨv)−
4N2c
(N2c − 1)Gc
|~Φi|2, (13)
N2c − 1
4N2c
Gc(ψ¯i~γγ5Ψv)(Ψ¯v~γγ5ψi) = (Ψ¯v~γγ5ψi)~Φi5 + ~Φ
†
i5(ψ¯i~γγ5Ψv)−
4N2c
(N2c − 1)Gc
|~Φi5|2, (14)
with the bosonic fields defined by
Φi =
(N2c − 1)Gc
4N2c
ψ¯iΨv, (15)
Φi5 =
(N2c − 1)Gc
4N2c
ψ¯iiγ5Ψv, (16)
~Φi =
(N2c − 1)Gc
4N2c
ψ¯i~γΨv, (17)
~Φi5 =
(N2c − 1)Gc
4N2c
ψ¯i~γγ5Ψv, (18)
for the scalar, pseudoscalar, vector and axial vector
terms, respectively. The expectation values of these
bosonic fields are the “order parameters” for the QCD
Kondo effect, corresponding to the correlations between
the hole of the light quark h and the heavy quark Q.
5 Instead of Eq. (B4), we applied a different type of the Fierz
transformation in the previous works [15, 17]:
N2c−1∑
a=1
(λa)ij(λ
a)kl = 2δilδkj −
2
Nc
δijδkl. (9)
We ignored the second term and performed the mean-field ap-
proximation for the interaction coming from the first term. In
this case, however, the color singlet and octet parts are not com-
pletely separated, and thus the strength of the dominant inter-
action is different from that of the color-singlet interaction in the
present article.
Then, the singlet interaction (10) can be rewritten as
Lsingint =
Nf∑
i=1
[
Ψ¯v
(
Φi + ~γ ·~Φi + iγ5Φi5 + ~γγ5 ·~Φi5
)
ψi
+ψ¯i
(
Φ†i + ~γ ·~Φ†i + iγ5Φ†i5 + ~γγ5 ·~Φ†i5
)
Ψv
− 4N
2
c
(N2c − 1)Gc
(
|Φi|2 + |~Φi|2 + |Φi5|2 + |~Φi5|2
)]
.
(19)
We assume that the order parameters have the follow-
ing structure in the ground state:
〈Φi〉 = ∆δi1, 〈Φi5〉 = 0, (20)
〈~Φi〉 = ~∆δi1, 〈~Φi5〉 = 0, (21)
where we have introduced a complex number ∆ and a
complex vector ~∆ and chosen the light flavor direction
i = 1 which could be arbitrary reflecting the flavor sym-
metry. We call these condensates the Kondo condensates.
We further introduce the hedgehog ansatz in momentum
space:
~∆ = ∆ pˆ, pˆ =
~p
|~p| , (22)
for the three-dimensional momentum ~p of the light quark
which can be also identified with the off-mass-shell mo-
mentum of the heavy quark. In the previous works [15,
17], the explicit form of the Kondo condensate was spec-
ified for a heavy-light operator 〈ψ¯αΨvδ〉 with α, δ being
the Lorentz indices as 〈ψ¯αΨvδ〉 ∼ ∆
(
1+γ0
2 (1− pˆ · ~γ)
)
δα
.
7This structure with the pˆ · ~γ term was found from the
completeness relation for heavy quark fields. By con-
tracting the operator 〈ψ¯αΨvδ〉 with 1αδ, ~γαδ and so on,
one can easily confirm that this structure is equivalent to
the hedgehog ansatz (22) with Eqs. (20) and (21). Al-
though our choice of the Kondo condensate is still an
ansatz and it is not easy to check that it gives the lowest
energy among all the possible forms of condensates, there
are a few reasons to expect that it indeed gives the lowest
energy. First of all, as we will see below, our choice of
course gives lower energy than the state with vanishing
condensates. Next, our choice of condensate allows for a
mixing between a light quark and a heavy quark in a clear
manner while the other types of condensates induce more
entangled mixing patterns. Third, if there was another
lower energy state, our choice of the ground state would
be unstable against fluctuations. As we will discuss later,
however, there is no instability in the fluctuations around
the Kondo condensates with the hedgehog ansatz, and
thus our choice will not fall into other states. Last, an
analysis in a simpler model supports our choice: As we
discuss in Appendix C, a model with a Weyl fermion and
a heavy quark allows us to directly compare two cases:
(i) only a scalar (or vector) condensate 〈Φi〉 = ∆δi1 or
〈~Φi〉 = ∆pˆδi1 (and the others are vanishing) and (ii)
nonzero scalar and vector condensates coexisting with
the hedgehog ansatz 〈Φi〉 = ∆δi1, 〈~Φi〉 = ∆pˆ δi1. The
latter case gives lower energy than the former case.
If we simply replace the bosonic operators (15)-(18) in
the Lagrangian (with only the singlet interaction (19)) by
their expectation values (mean-fields) given in Eqs. (20)
and (21), we obtain the mean-field Lagrangian in mo-
mentum space:
LsingMF =
Nf∑
i=1
ψ¯i(p/+ µγ0)ψi + Ψ¯vv ·pΨv + ∆Ψ¯v
(
1 + ~γ ·pˆ)ψ1
+∆∗ψ¯1
(
1 + ~γ ·pˆ)Ψv − 8N2c
(N2c − 1)Gc
|∆|2
−λ(Ψ¯vΨv − nQ) . (23)
We notice that the ~γ·pˆ terms appear due to the hedgehog
ansatz. We emphasize that only the light quark field ψ1
(i = 1) couples to the heavy quark due to our choice
of the light flavor axis of the condensate (see Eqs. (20)
and (21)). The mean-field Lagrangian will be used to
determine the ground state in the presence of the Kondo
condensate. Stability of the ground state and excitation
modes will be discussed in the next section by using the
Lagrangian that includes fluctuations around the mean
fields.
Notice that the mean-field Lagrangian (23) is bilinear
with respect to fermion fields ψ and Ψv. Thus it is con-
venient to introduce the following shorthand notation:
φ ≡

ψ1
ψ2
...
Ψv
 , φ¯ ≡ (ψ¯1, ψ¯2, . . . , Ψ¯v). (24)
Then, the mean-field Lagrangian (23) can be rewritten
in a compact form:
LsingMF = φ¯ G(p0, ~p )−1φ−
8N2c
(N2c − 1)Gc
|∆|2 + λnQ, (25)
with the inverse of the propagator given by
G(p0, ~p )
−1 ≡

p/+ µγ0 0 . . . 0 ∆
∗(1 + ~γ ·pˆ )
0 p/+ µγ0 . . . 0 0
...
...
. . .
...
...
0 0 . . . 0 0
∆(1 + ~γ ·pˆ ) 0 . . . 0 p0 − λ
 , (26)
as the (Nf + 1)× (Nf + 1) dimensional matrix in flavor
space including the light quarks and the heavy quark.
The poles of G(p0, ~p ) in the energy p0 plane corre-
spond to physical modes in the presence of the Kondo
condensate. Reflecting the original 2Nf + 1 degrees of
freedom (for spin “up”) including Nf light quarks, Nf
light antiquarks, and one heavy quark (without a heavy
antiquark), there should appear 2Nf + 1 modes. Indeed,
one can easily confirm that there are 2Nf + 1 dispersion
relations as the poles of G(p0, ~p ). As we already com-
mented before, the Kondo condensate of the hedgehog
type induces a mixing between the particle mode of ψ1
and Ψv (that has the particle (or positive energy) mode
alone) leaving the other particle modes and all the an-
tiparticle modes unchanged. Namely, the mixing between
the particle mode of ψ1 and Ψv gives the following two
modes:
E±p =
1
2
(
p− µ+ λ±
√
(p− µ− λ)2 + 8|∆|2
)
, (27)
while all the other modes are unchanged: the particle
modes of the other light quarks ψi (i 6= 1)
Ep = p− µ, (28)
8and all the antiparticle modes of light quarks
E˜p = −p− µ. (29)
Here p is the three dimensional momentum p = |~p |.
These dispersion relations are common for spin “up” and
“down” components. In Sec. III E, we will see that the
spin “up” and “down” correspond to the chirality ±1 of
the light quark and the helicity ±1 of the heavy quark.
We display schematic figures of the energy-momentum
dispersion relations for Nf = 1 and Nf ≥ 2 in Fig.1. At
zero temperature, all the states below the Fermi surface
(E = 0) are occupied as shown by the thick solid lines.
In the case of Nf = 1, the branch of Eq. (28) is absent,
as indicated by the dashed line. As is evident from the
figure, due to the presence of a nonzero ∆, two original
dispersions (Eq = p − µ for a light quark and EQ = λ
for a heavy quark) show level crossing at p = µ+λ. The
magnitude of ∆ controls the region of mixing: a larger ∆
induces mixing in a wider momentum region. After the
mixing, the upper (lower) mode with dispersion E+p (E
−
p )
is more like a heavy (light) quark at small p µ+λ and
more like a light (heavy) quark at large p µ+ λ.
For later convenience, let us show the explicit form of
the propagator G(p0, ~p) which is an inverse of G(p0, ~p)
−1
given in Eq. (26). Here we show the propagator in the
case for Nf = 1. The propagator for Nf > 1 is easily
obtained since the mixing occurs only between ψ1 and
Ψv. The propagator in the space of ψ1 and (the upper
component of) Ψv is given as
G(p0, ~p) =
1
(p0 − E˜p)(p0 − E+p )(p0 − E−p )
×
 (p0 − λ)(p0 + µ)− |∆|2 −{p(p0 − λ) + |∆|2}pˆ · ~σ −∆∗(p0 + p+ µ){p(p0 − λ) + |∆|2}pˆ · ~σ −(p0 − λ)(p0 + µ) + |∆|2 −∆∗(p0 + p+ µ)pˆ · ~σ
−∆(p0 + p+ µ) ∆(p0 + p+ µ)pˆ · ~σ (p0 − p+ µ)(p0 + p+ µ)
 , (30)
with p = |~p|. For Nf = 1, there are only three poles
p0 = E˜p, E
±
p as mentioned before (see the upper panel of
Fig. 1 where we show two dispersions p0 = E
±
p ).
Analysis in the simpler model with a Weyl fermion (see
Appendix C) is helpful to understand how the Kondo
condensate occurs. As mentioned before, this model also
leads to the Kondo condensates in the scalar and vector
channels with the hedgehog ansatz. If the Weyl fermion
χ is right-handed, the Kondo condensate is constructed
by the linear combination of χ and the spin “up” com-
ponent of the heavy quark Ψv↑. In contrast, the spin
“down” component Ψv↓ would couple to a left-handed
Weyl fermion ϕ which is absent in the simple model, and
thus does not form the Kondo condensate. Coming back
to our present study, the Dirac field ψ contains both the
right-handed and left-handed Weyl fermions. Therefore,
the two types of condensates, the mixing between χ and
Ψv↑ and the mixing between ϕ and Ψv↓, exist simultane-
ously.
B. Thermodynamic potential and gap equation
We compute the thermodynamic potential Ω from the
mean-field Lagrangian (23) or (25), then derive the gap
equation for ∆ as the stationary condition for Ω with
respect to ∆. By using the dispersion relations (27)-(29),
the thermodynamic potential is given by
Ω(T, µ, λ; ∆) = 2Nc
∫ Λ
0
p2dp
2pi2
f(T, µ, λ; p)
+
8N2c
(N2c − 1)Gc
|∆|2 − λnQ, (31)
where β is the inverse temperature β = 1/T and
f(T, µ, λ; p) = − 1
β
[
ln(1 + e−βE
+
p ) + ln(1 + e−βE
−
p )
+ ln(1 + e−βEp)Nf−1 + ln(1 + e−βE˜p)Nf
]
.
The factor two in front of the integral comes from the
spin degeneracy, and Λ is the three-momentum cutoff
to regularize the ultraviolet divergence. In addition to
an external parameter T , the thermodynamic potential
depends on three parameters µ, λ and ∆. All of them
are dynamically determined by the stationary conditions
with respect to each parameter. In particular, the value
of |∆| is obtained from the “gap equation”, namely
∂
∂∆∗
Ω(T, µ, λ; ∆) = 0. (32)
Similarly, the chemical potential µ and the Lagrange mul-
tiplier λ are determined for fixed values of the light quark
number density nq and the heavy quark number density
nQ by
∂
∂µ
Ω(T, µ, λ; ∆) = −nq, (33)
∂
∂λ
Ω(T, µ, λ; ∆) = 0. (34)
To find solutions to Eqs. (32)-(34) simultaneously corre-
sponds to determining the ground state.
Analytic evaluation of the thermodynamic potential
and the gap equation is possible for T = 0 (β → ∞)
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FIG. 1. Schematic figures of the energy-momentum dis-
persion relations in the presence of the Kondo condensate:
Nf = 1 (top panel) and Nf ≥ 2 (bottom panel). The units
are arbitrary, but we here fixed µ = 0.5 and λ = 0. The
origin of the vertical axis corresponds to the Fermi surface.
The thick solid lines are the occupied states below the Fermi
sphere. The dashed line for Nf = 1 means the dispersion of a
free light quark at finite density. The numbers in the square
brackets indicate the number of degeneracy for each of spin
up and down. The arrows stand for the excitations from the
quark in the ground state (cf. Sec. IV A).
and λ = 0. Notice that, in the limit β → ∞, the factor
− 1β ln(1+e−βE) in f(T ;µ, λ; ∆) simplifies to E (or 0) for
E ≤ 0 (or E > 0). Thus, in the zero temperature limit,
only the modes below the Fermi energy (E−p < 0, Ep < 0
and E˜p < 0) survive. Thus we find
Ω(T = 0, µ, λ = 0; ∆)
= 2Nc
∫ Λ
0
p2dp
2pi2
E−p + 2Nc(Nf−1)
∫ µ
0
p2dp
2pi2
Ep
+ 2NcNf
∫ Λ
0
p2dp
2pi2
E˜p +
8N2c
(N2c − 1)Gc
|∆|2. (35)
From the stationary condition (32), we obtain the gap
equation
∆ =
N2c − 1
4Nc
Gc
∫ Λ
0
p2dp
2pi2
∆
1
2
√
(p− µ)2 + 8|∆|2 . (36)
Notice that the gap equation is independent of Nf be-
cause the Nf dependent terms in Ω do not depend on
the gap ∆. This is natural because the Kondo conden-
sate is formed by a single light quark and a heavy quark
impurity. All the other (Nf − 1) light quarks do not
participate in the Kondo effect. In addition to a trivial
solution |∆| = 0, we find a nonzero solution to the gap
equation:
|∆| ' α
√
(Λ− µ)µ
2
exp
{
− 2pi
2
(Nc − 1/Nc)Gcµ2
}
,(37)
with α = exp
{
(Λ2 + 2Λµ− 6µ2)/(4µ2)}. This approx-
imate solution was obtained under the assumption that
|∆| is much smaller than µ and Λ. Some comments are
in order: First of all, as is evident from the dependence
on Gc which is very similar to the superconductivity gap,
the gap (37) becomes larger as the coupling Gc becomes
stronger. This implies that the Kondo effect becomes
stronger with increasing value of Gc, which is intuitively
acceptable. Second, the gap increases also with increas-
ing µ. Since the momentum cutoff Λ must be taken larger
than µ, we may write it as Λ = κµ with a parameter
κ > 1, which immediately implies that the gap (37) in-
creases with µ. Last, by drawing the thermodynamical
potential (35) as a function of |∆|, one finds that the
nontrivial value of the gap (37) corresponds to the min-
imum of the potential and thus gives lower energy than
the trivial one |∆| = 0 (see Ref. [15]). If we take the pa-
rameter set Gc = 2× 92 × 2.0/Λ2, Λ = 0.65 GeV, Nc = 3,
µ = 0.5 GeV, we obtain |∆| = 0.085 GeV. We note that
we can numerically investigate the finite temperature T
and λ dependences of the thermodynamic potential and
the gap, and can draw a phase diagram where the Kondo
condensate is nonzero (the Kondo phase). For example,
on the µ − λ plane at T = 0, the Kondo phase appears
at large µ and relatively small λ. See Ref. [15] for more
figures.
C. Another form of gap equation
We defined in Eq. (24) a shorthand notation φ for the
light and heavy quarks ψ and Ψv. Correspondingly, let us
also define the vertices Γ
(i)
` and Γ¯
(i)
` which are (Nf +1)×
(Nf + 1) dimensional matrices in flavor space. The lower
index ` distinguishes the vertex type: ` = {S,V,P,A}
(V and A further have spatial indices k = 1, 2, 3) and the
upper index i is for flavors: i = 1, . . . , Nf . Their explicit
forms are defined by
Γ
(1)
S =

0 0 . . .0
0 0 . . .0
...
...
. . .
...
1 0 . . .0
, Γ(2)S =

0 0 . . .0
0 0 . . .0
...
...
. . .
...
0 1 . . .0
, . . . ,
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Γ¯
(1)
S =

0 0 . . .1
0 0 . . .0
...
...
. . .
...
0 0 . . .0
, Γ¯(2)S =

0 0 . . .0
0 0 . . .1
...
...
. . .
...
0 0 . . .0
, . . . , (38)
for the scalar channel,
Γ
(1)
V,k=

0 0 . . .0
0 0 . . .0
...
...
. . .
...
γk 0 . . .0
, Γ(2)V,k=

0 0 . . .0
0 0 . . .0
...
...
. . .
...
0 γk . . .0
, . . . ,
Γ¯
(1)
V,k=

0 0 . . .γk
0 0 . . . 0
...
...
. . .
...
0 0 . . . 0
, Γ¯(2)V,k=

0 0 . . . 0
0 0 . . .γk
...
...
. . .
...
0 0 . . . 0
, . . . , (39)
with k = 1, 2, 3 for the vector channel,
Γ
(1)
P =

0 0 . . .0
0 0 . . .0
...
...
. . .
...
iγ5 0 . . .0
, Γ(2)P =

0 0 . . .0
0 0 . . .0
...
...
. . .
...
0 iγ5 . . .0
, . . . ,
Γ¯
(1)
P =

0 0 . . . iγ5
0 0 . . . 0
...
...
. . .
...
0 0 . . . 0
, Γ¯(2)P =

0 0 . . . 0
0 0 . . . iγ5
...
...
. . .
...
0 0 . . . 0
, . . . , (40)
for the pseudoscalar channel, and
Γ
(1)
A,k=

0 0 . . .0
0 0 . . .0
...
...
. . .
...
γkγ5 0 . . .0
, Γ(2)A,k=

0 0 . . .0
0 0 . . .0
...
...
. . .
...
0 γkγ5 . . .0
, . . . ,
Γ¯
(1)
A,k=

0 0 . . .γkγ5
0 0 . . . 0
...
...
. . .
...
0 0 . . . 0
, Γ¯(2)A,k=

0 0 . . . 0
0 0 . . .γkγ5
...
...
. . .
...
0 0 . . . 0
, . . . ,(41)
with k = 1, 2, 3 for the axial vector channel. Using
these matrices, we are able to express the interaction
Lagrangian (10) in a compact form:
Lsingint =
N2c − 1
4N2c
Gc
∑
`
Nf∑
i=1
φ¯Γ
(i)
` φ φ¯ Γ¯
(i)
` φ, (42)
with ` = {S,V,P,A}. If we consider the mean fields
only for ` = S and V as we have done, the gap equation
is expressed as
iG(p0, ~p )
−1 = iG0(p0, ~p )−1 + (−1)iN
2
c − 1
4N2c
Gc
Nf∑
i=1
∑
`=S,V
[
Γ
(i)
` Tr
∫
d4q
(2pi)2
iG(q0, ~q )Γ¯
(i)
` + Γ¯
(i)
` Tr
∫
d4q
(2pi)2
iG(q0, ~q )Γ
(i)
`
]
,
(43)
where Tr is the trace over the Dirac and color matrices,
and G0(p0, ~p )
−1 is the inverse of the free propagator
G0(p0, ~p )
−1 =

p/+ µγ0 0 . . . 0
0 p/+ µγ0 . . . 0
...
...
. . .
...
0 0 . . . (p0 − λ) 1+γ02
 .
(44)
The sum over ` = S and V is taken, where k = 1, 2, 3
in Eq. (39) are also summed for ` = V. This is the
most general form of the gap equation at T = 0. Of
course, Eq. (43) reproduces Eq. (36) for λ = 0. The gap
equation at finite temperature can be easily obtained by
the replacement of the integral over q0 in Eq. (43) by
the Matsubara summation, which should be equivalent
to the gap equation (32).
D. Symmetry of the ground state
1. Pattern of symmetry breaking
Formation of nonzero Kondo condensates breaks the
original symmetry in a nontrivial way. Recall that we
have constructed the model so that it possesses the chi-
ral symmetry for the light quarks and the heavy-quark
spin symmetry for the heavy quark impurities. Since
the current-current interaction is invariant under each
transformation, nonzero Kondo condensates connecting
the light and heavy quarks must break these symmetries.
Here we discuss the breaking pattern of the symmetry in
the Kondo phase. Let us first show the whole symmetry
of the system and its breaking pattern:
G→ H, (45)
with the group
G = SO(3)space × SU(2)HQS ×U(1)Q ×U(1)V ×U(1)A
×SU(Nf )V × SU(Nf )A, (46)
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and the subgroup
H = SO(3)space ×U(1)Q+V ×U(1)A+HQSh
×SU(Nf − 1)V × SU(Nf − 1)A. (47)
In the group G, SO(3)space is the rotational symmetry
in the three-dimensional space. SU(2)HQS and U(1)Q
are the HQS of Ψv and the vector symmetry for the
overall phase of Ψv, respectively. U(1)V × U(1)A ×
SU(Nf )V × SU(Nf )A is the usual chiral symmetry of
light flavor ψ. Notice that the rotational symmetry
holds as long as nQ is constant. As more general sit-
uations, when nQ(~x) depends on the position ~x, this
symmetry does not necessarily hold. The breaking pat-
tern (45) can be separated into four different pieces of
pattern: (i) SO(3)space × SU(2)HQS → SO(3)space, (ii)
U(1)Q × U(1)V → U(1)Q+V, (iii) U(1)A × SU(2)HQS →
U(1)A+HQSh , and (iv) SU(Nf )V,A → SU(Nf−1)V,A. Be-
low we explain each of them.
(i) SO(3)space × SU(2)HQS → SO(3)space:
The Lagrangian (3) possesses a global rotation
SO(3)space for ψ and Ψv. In the heavy quark limit,
however, we can perform the rotation of Ψv inde-
pendently from the SO(3)space rotation, and can re-
gard the rotational symmetry for Ψv as an internal
symmetry independent of SO(3)space. This is the
HQS and we represent it as SU(2)HQS. This is one
of the important properties of the heavy quark sys-
tems [28, 29]. In the presence of the Kondo conden-
sate with nonzero 〈Φ1〉 and 〈~Φ1〉, the heavy quark
spin cannot be transformed independently. In other
words, the mixing between a light quark and a
heavy quark induces disappearance of the HQS.6
Thus, the original symmetry SO(3)space×SU(2)HQS
just goes back to SO(3)space. However, we notice
that the U(1) part of SU(2)HQS survives in a non-
trivial way. We will discuss this in (iii) below.
(ii) U(1)Q ×U(1)V → U(1)Q+V:
The U(1)Q and U(1)V symmetries are global U(1)
symmetries for Ψv and for ψ = (ψ1, . . . , ψNf ), re-
spectively. Since the Kondo condensates 〈Φ1〉 and
〈~Φ1〉 induce a mixing between the light quark ψ1
and the heavy quark Ψv, the U(1)Q symmetry for
Ψv and the U(1) symmetry for ψ1 are no longer
independent symmetries. Indeed, the mean-field
6 Recalling that the existence of HQS leads to the degeneracy
of spin up and down states, the “HQS doublet” [35] (see also
Refs. [28, 29]), one may wonder if the disappearance of HQS
could induce mass splitting of the doublet states. However, since
the origin of mass splitting should come from the next-leading
contribution (the effects of the order of 1/mQ such as the color
magnetic spin interaction) to the heavy mass limit, the mixing
effect due to the Kondo condensate which occurs in the leading
order does not lead to mass splitting. Indeed, the dispersion
relations (27)-(29) have the same form for spin up and down
components.
Lagrangian shows that it is invariant only if we ro-
tate ψ1 and Ψv with the same angle. Therefore,
after the Kondo condensation, we have only one
U(1) transformation, which we symbolically denote
U(1)Q+V. Here we wrote U(1)Q+V with V because
the U(1) transformation for ψ1 must be performed
simultaneously with the other U(1) transformations
for the light quarks ψi (i = 2, . . . , Nf ) to form the
U(1)V transformation. In other words, in the pres-
ence of the Kondo condensate, we rotate the heavy
quark field Ψv with the same angle as that of the
light quarks ψi (i = 1, . . . , Nf ).
(iii) U(1)A ×U(1)HQS → U(1)A+HQSh :
In order to see what kind of transformation will
leave the Kondo condensates unchanged, let us
rewrite ψ1 by using the right-handed field χ1 and
the left-handed field ϕ1:
ψ1 =
1√
2
(
χ1 + ϕ1
χ1 − ϕ1
)
. (48)
In the mean-field Lagrangian (23), the Kondo con-
densates give the mixing term ∆Ψ¯v(1 + ~γ · pˆ)ψ1 =
Ψ¯v〈Φ1 + ~γ · ~Φ1〉ψ1. The Kondo condensate part is
rewritten as
〈Φ1 + ~γ ·~Φ1〉
= 〈ψ¯1(1 + pˆ·~γ)Ψv〉
=
1√
2
〈{
(χ†1 + ϕ
†
1) + (χ
†
1 − ϕ†1)pˆ·~σ
}
Ψv
〉
. (49)
We notice that this combination of the Kondo con-
densates is invariant under the U(1)A transforma-
tion ψ1 → eiαγ5ψ1 for ψ1, combined with U(1)
transformation Ψv → eiαpˆ·~σΨv for Ψv. Indeed, for
infinitesimal parameter α, the U(1)A transforma-
tion generates χ1 → χ1+iαχ1 and ϕ1 → ϕ1−iαϕ1,
which is compensated by the U(1) transformation
Ψv → Ψv+iαpˆ·~σΨv (to show the invariance, use the
relation (pˆ·~σ)2 = 1). Note also that the U(1) trans-
formation for Ψv is a subgroup of SU(2)HQS (e
i~θ·~σ∈
SU(2) with a parameter ~θ = αpˆ), and conserves
the helicity since it is the rotation around the axis
along the direction pˆ in momentum space. We de-
note it U(1)HQSh . This is reminiscent of the Color-
Flavor-Locked state in color-superconductivity, and
we call the remaining symmetry U(1)A+HQSh the
chiral-HQS locked (χHQSL) symmetry. Here we
wroteU(1)A+HQSh with A due to the same reason
mentioned in case (ii). The axial U(1) transfor-
mation for ψ1 must be performed simultaneously
with the other axial U(1) transformations. Lastly,
we emphasize that it is the factor of pˆ · ~σ coming
from the hedgehog ansatz, ~∆ = ∆ pˆ, that makes
the χHQSL symmetry possible.
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(iv) SU(Nf )V,A → SU(Nf − 1)V,A:
We assumed that only the flavor i = 1 of the light
quark forms the Kondo condensate with the heavy
quark, while the other flavors i = 2, . . . , Nf do not.
Thus, the original SU(Nf )V × SU(Nf )A symmetry
is broken to the SU(Nf − 1)V × SU(Nf − 1)A sym-
metry.
2. Spin-coherent state
The χHQSL symmetry introduced in (iii) provides an
intuitive picture of the heavy quark state. We notice
that the helicity conservation for the heavy quark spin
leads to the spin-coherent state of the heavy quark, as
known in atomic physics [36]. For the direction pˆ =
~p/|~p | = (sin θ cosϕ, sin θ sinϕ, cos θ) in three-dimensional
momentum space, the spin-coherent state |pˆ〉 is defined
as follows. We first introduce the “vacuum” |0〉 as the
state whose eigenvalue for the third component of the
spin operator, ~S = (S1, S2, S3) = ~σ/2, is the largest:
S3|0〉 = S|0〉. Then, by using the vacuum state, we de-
fine the spin-coherent state as
|pˆ〉 =
(
cos
θ
2
)2S
etan
θ
2 e
iϕS− |0〉, (50)
where S = 1/2 and the lowering operator is defined by
S− = S1 − iS2. This state satisfies the normalization
〈pˆ|pˆ〉 = 1. The expectation value of the spin opera-
tor ~S with respect to the spin-coherent state is given
by 〈pˆ|Si|pˆ〉 = S pˆi with i = 1, 2, 3. Because the direc-
tions of the heavy quark spins are aligned along pˆ, it
implies the hedgehog configuration for the heavy quark
spin. It is easy to confirm that |pˆ〉 is the eigenstate of
pˆ·~σ, namely pˆ·~σ|pˆ〉 = |pˆ〉. From this relation, we notice
that the U(1)HQSh transformation, |pˆ〉 → eiαpˆ·~σ|pˆ〉, in-
duces only the phase rotation, |pˆ〉 → eiα|pˆ〉, and does
not produce essentially a new state which is different
from the state before the transformation. Therefore,
the |pˆ〉 state is mapped to a two-dimensional sphere
SU(2)HQS/U(1)HQSh ' S2. The mapping from a unit
vector pˆ to S2 implies the existence of a topological in-
variant characterized by the winding number. Thus, the
spin-coherent state is important for the topological prop-
erties of the Kondo condensate as discussed in detail in
the next subsection.7
E. Hedgehog configuration of heavy quark spin
Let us investigate in more detail the properties of the
wavefunctions in the mean-field approximation. Here we
focus on the light quark ψ1 and the heavy quark Ψv since
only these fields mix with each other in a nontrivial way
as we saw in the dispersion relations (27)-(29). The other
light quark fields ψi (i = 2, . . . , Nf ) do not participate in
formation of the Kondo condensates and thus are not im-
portant in the level of the mean-field approximation (as
we will see later in Sec. IV, however, they play interesting
roles in quantum fluctuations around the mean-field).
We solve the eigenvalue equation in a restricted Hilbert
space of (ψ1,Ψv). The canonically obtained Hamilto-
nian density has the form φ¯hφ + · · · with φ = (ψ1,Ψv),
and the eigenvalue equation reads hφ = εγ0φ (note that
we discard the contributions represented by “ · · · ” which
only give a trivial shift of the energy). Thus, we define
H ≡ γ0h so that the eigenvalue equation can be written
as
Hu = εu, (51)
where the eigenvector u has six components with the first
four components being the light quark ψ1 and the second
two components being the positive energy part of the
heavy quark Ψv. The mean-field “Hamiltonian” H in
this restricted space (ψ1,Ψv) is given by (see Eq. (23))
H =

−µ 0 p cos θ pe−iϕ sin θ −∆∗ 0
0 −µ peiϕ sin θ −p cos θ 0 −∆∗
p cos θ pe−iϕ sin θ −µ 0 −∆∗ cos θ −∆∗e−iϕ sin θ
peiϕ sin θ −p cos θ 0 −µ −∆∗eiϕ sin θ ∆∗ cos θ
−∆ 0 −∆ cos θ −∆e−iϕ sin θ λ 0
0 −∆ −∆eiϕ sin θ ∆ cos θ 0 λ
 , (52)
where the three-dimensional momentum ~p is
parametrized as ~p = (p sin θ cosϕ, p sin θ sinϕ, p cos θ).
The left-upper (4 × 4) part and right-lower (2 × 2) part
7 See, for example, Ref. [37] for applications of topological concepts
to a variety of systems including condensed matter and quark
matter.
of the Hamiltonian correspond to the ‘kinetic’ parts for
ψ1 and Ψv, respectively, and the other (non-diagonal)
parts depending on ∆ or ∆∗ correspond to the mixing
between ψ1 and Ψv.
In the basis of (ψ1,Ψv), γ5 matrix for ψ1 and spin
operator matrices ~S = ~σ/2 for Ψv are extended to Γ5
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and ~S = (S1,S2,S3), which are defined by
Γ5 =

0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 , (53)
and
S1 = 1
2

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
, (54)
S2 = 1
2

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −i
0 0 0 0 i 0
, (55)
S3 = 1
2

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 −1
. (56)
We note that Γ5 and Si (i = 1, 2, 3) are not commutative
with H: [Γ5,H] 6= 0 and [Si,H] 6= 0. Hence the chiral-
ity for the light quark ψ1 and the helicity for the heavy
quark Ψv are not good quantum numbers in the Kondo
condensate. Instead, the operator defined by
Σ5(pˆ) = Γ5 + 2pˆ· ~S
=

0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 cos θ e−iϕ sin θ
0 0 0 0 eiϕ sin θ − cos θ
, (57)
with pˆ = ~p/|~p | = (sin θ cosϕ, sin θ sinϕ, cos θ) is com-
mutative with H: [Σ5,H] = 0. Therefore, we can use
the eigenvalues of Σ5(pˆ) to specify the wavefunctions. In
fact, Σ5 has eigenvalues ±1 because it satisfies (Σ5)2 = 1.
Notice also that Σ5(pˆ) is the generator of the χHQSL
symmetry U(1)A+HQSh .
We already know the eigenvalues of the mean-field
Hamiltonian (52): they are given by the dispersions E˜p
in Eq. (29) and E±p in Eq. (27), corresponding to the
antiparticle mode of the light fermion ψ1 and two mixed
states, respectively. In the following, we give the wave-
functions for each mode and consider the properties of
them.
a) Wavefunctions of antiparticle modes: E˜p
The eigenstates of E˜p are given by
u
(+)
E˜p
(~p ) =
1√
2

sin θ2
−eiϕ cos θ2
sin θ2
−eiϕ cos θ2
0
0
 , (58)
u
(−)
E˜p
(~p ) =
1√
2

cos θ2
eiϕ sin θ2
− cos θ2
−eiϕ sin θ2
0
0
 , (59)
where the upper indices (±) are eigenvalue of the Σ5(pˆ)
operator: Σ5(pˆ)u
(γ)
E˜p
= γu
(γ)
E˜p
. Since the antiparticle
modes have dispersions of free antiquarks without cou-
pling to the heavy quark Ψv (thus the wavefunction has
only upper four components), they are also eigenstates
of the chirality Γ5 operator: Γ5u
(γ)
E˜p
= γu
(γ)
E˜p
. In other
words, the operator Σ5(pˆ) = Γ5 + 2pˆ · ~S reduces to the
chirality operator Γ5 for the antiquark dispersion, and
thus these two operators have the same eigenvalues.
b) Wavefunctions of mixed states: E±p
The eigenstates of E+p are given by
u
(+)
E+p
(~p ) = N+

−E
+
p −λ
2∆ e
−iϕ cos θ2
−E
+
p −λ
2∆ sin
θ
2
−E
+
p −λ
2∆ e
−iϕ cos θ2
−E
+
p −λ
2∆ sin
θ
2
e−iϕ cos θ2
sin θ2

, (60)
u
(−)
E+p
(~p ) = N+

E+p −λ
2∆ e
−iϕ sin θ2
−E
+
p −λ
2∆ cos
θ
2
−E
+
p −λ
2∆ e
−iϕ sin θ2
E+p −λ
2∆ cos
θ
2
−e−iϕ sin θ2
cos θ2

, (61)
with N−1+ =
√
1 + (E+p − λ)2/(2|∆|2) being the normal-
ization constant. This time, all the six components are
nonzero reflecting that this state corresponds to one of
the mixed dispersions. Again, the upper indices (±) are
the eigenvalues of the operator Σ5(pˆ). However, it is not
the eigenstate of Γ5 and S3. Similarly, the eigenstates of
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E−p are given by replacement of E
+
p in the above by E
−
p :
u
(+)
E−p
(~p ) = N−

−E
−
p −λ
2∆ e
−iϕ cos θ2
−E
−
p −λ
2∆ sin
θ
2
−E
−
p −λ
2∆ e
−iϕ cos θ2
−E
−
p −λ
2∆ sin
θ
2
e−iϕ cos θ2
sin θ2

, (62)
u
(−)
E−p
(~p ) = N−

E−p −λ
2∆ e
−iϕ sin θ2
−E
−
p −λ
2∆ cos
θ
2
−E
−
p −λ
2∆ e
−iϕ sin θ2
E−p −λ
2∆ cos
θ
2
−e−iϕ sin θ2
cos θ2

, (63)
with N−1− =
√
1 + (E−p − λ)2/(2|∆|2) for the normaliza-
tion constant.
Let us consider the expectation value of the heavy
quark spin operator ~S for the wave functions u(γ)
E˜p
and
u
(γ)
E±p
. When ~S is sandwiched by u(γ)
E˜p
, it leads to the ab-
sence of the heavy quark spin: 〈u(γ)
E˜p
| ~S|u(γ)
E˜p
〉 = ~0. This
is natural because u
(γ)
E˜p
has no component of the heavy
quark. On the other hand, when ~S is sandwiched by u(γ)
E±p
,
one finds
~S
(γ)
E±p
(~p ) = 〈u(γ)
E±p
(~p )| ~S|u(γ)
E±p
(~p )〉
= γS±(p)pˆ, (64)
where the magnitude of heavy quark spin is given by
S±(p) =
1
2
· 1
1 +
(E±p −λ)2
2|∆|2
. (65)
We call S±(p) the “effective” magnitude of the heavy
quark spin, because it is a function of the momentum p
and it can deviate from S = 1/2. We notice that ~S
(γ)
± (~p )
is proportional to pˆ and γ can be ±1. Thus, it is directed
outwardly for γ = +1 or inwardly for γ = −1 along the
direction of pˆ in momentum space. Therefore, the heavy
quark spin forms a hedgehog configuration, which may
be called the HQS hedgehog, as shown in Fig. 2. This
configuration is essentially the same as the spin-coherent
state in Eq. (50). The slight difference is that Eq. (50) has
only the information on the direction of the heavy quark
spin, while Eq. (64) has both the information about the
direction and magnitude.
In Fig. 3, we plot S±(p) as the functions of momentum
p for typical values of parameters: µ = 0.5 GeV, λ = 0,
and |∆| = 0.01 GeV. As is evident from the figure, S+(p)
and S−(p) show complementary behaviors. For the E−p
mode, we find that S−(p) starts from S− ' 0 at p = 0
and reaches S− ' 1/2 for large p. In contrast, for the
FIG. 2. Plots of ~S
(γ)
E−p
(left: γ = +1 and right: γ = −1) in
momentum space (Eq. (64)).
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FIG. 3. Effective heavy quark spins S±(p) as functions of
p (Eq. (65)). The solid (dashed) line corresponds to S−(p)
(S+(p)). We used typical values of parameters: µ = 0.5 GeV,
λ = 0, |∆| = 0.01 GeV.
E+p mode, we find that S+(p) starts from S+ ' 1/2 at
p = 0, and reaches S+ ' 0 for large p. This behavior
is reasonable because u
(γ)
E−p
(~p ) is dominated by the light
quark component for p µ, while that is dominated by
the heavy quark component for p  µ (cf. Eqs. (62),
(63)). This is also seen in the behavior that E−p ' p− µ
for p  µ and E−p ' λ for p  µ in Fig. 1. As for
the E+p mode, u
(γ)
E+p
(~p ) is dominated by the heavy quark
component for p  µ, while that is dominated by the
light quark component for p µ (cf. Fig. 1 and Eqs. (60),
(61)).
As is always the case with hedgehog-type configura-
tions in quantum field theories, we are able to assign
topological interpretation to the HQS hedgehog config-
uration (64). Indeed, by using a unit vector along the
heavy quark spin,
~m(γ)ε (~p ) ≡
~S
(γ)
ε (~p )
S±(p)
= γ pˆ, (66)
with ε = E±p , we can define the winding number by
w(γ)ε =
1
8pi
ijk
∫
Σ
~m(γ)ε ·
(
∂ ~m
(γ)
ε
∂pi
× ∂ ~m
(γ)
ε
∂pj
)
dSk, (67)
15
where Σ is a surface surrounding the origin in the momen-
tum space, dSk is the area element on Σ, ijk (i, j, k =
1, 2, 3) is an epsilon tensor with 123 = 1, and the sum
over i, j, k is taken (cf. Ref. [37]). Inserting Eq. (66) into
Eq. (67), we obtain w
(γ)
ε = γ. Therefore, the hedge-
hog configuration with the outward (inward) direction
of the heavy quark spin has a winding number γ = +1
(γ = −1). Notice that the winding number thus defined
does not distinguish the E+p and E
−
p modes.
We can also define the “fraction of light-quark compo-
nent” in the wavefunctions of the mixed states E±p . Re-
call that the operator Σ5(p) is conserved and gives eigen-
values γ = ±1 for the wavefunctions u(γ) (p). This can be
interpreted as a kind of spin in the mixed states. Equa-
tion (57) defines the decomposition of the total “spin”
into the light and heavy quark components. Namely,
〈Σ5〉γ = γ = 〈Γ5〉γ + 2pˆ · 〈 ~S〉γ where 〈· · · 〉γ is the expec-
tation value with respect to the eigenstate specified by γ.
In order to make the decomposition for positive quantity,
we multiply γ, so that we find 1 = 〈γΓ5〉γ + 2γpˆ · 〈 ~S〉γ .
Therefore, we can regard the quantity 〈γΓ5〉γ as the frac-
tion of light-quark component, which we denote n±(p).
Explicitly,
n±(p) ≡ 〈u(γ)E±p (~p )|γΓ5|u
(γ)
E±p
(~p )〉. (68)
Notice that this quantity does not depend on γ by con-
struction (γ2 = 1).
It is quite instructive to plot n± and S± as functions
of energy E in place of momentum p. Consider the case
with λ = 0 where the location of the Fermi surface cor-
responds to E = 0. As is evident from Fig. 1, the Fermi
sea is purely occupied by the E−p mode which has nega-
tive energies, while the E+p mode with positive energies
is not occupied at all. Figure 4 is the plots of n±(E) and
S±(E). The negative energy region (in the Fermi sea)
corresponds to E = E−p , while the positive, E = E
+
p .
Remarkably, n±(E) and S±(E) show opposite behaviors.
Around the Fermi surface E = 0, the light quark fraction
is the smallest while the effective heavy quark spin is the
maximum. Therefore, the physics at the Fermi surface
(the ground state) and around the Fermi surface (excita-
tions around the ground state) is dominantly given by the
heavy quark dynamics. This suggests that the transport
and thermodynamic properties of the Kondo phase will
be predominantly determined by the heavy quark dynam-
ics, which is counter intuitive. In reality, however, since
heavy quarks do not propagate in matter, they will not
be able to contribute to transport phenomena. There-
fore, suppression of the light quark degree of freedom
and inability of heavy quarks around the Fermi surface
imply that the transport and thermodynamic properties
are generally much suppressed in the Kondo phase, com-
pared to the free light quark gas.8
8 This expectation will be true when the number of light flavors Nf
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FIG. 4. The fraction of the light quark component n±(p)
(Eq. (68)) (top panel) and the effective heavy quark spin
S±(p) (Eq. (65)) (bottom panel) as functions of energy E
for λ = 0.
When λ 6= 0, we need to modify the above discussion.
For λ > 0, the crossing point of the two dispersions Eq =
p − µ and EQ = λ moves towards positive energy side,
while for λ < 0, it moves towards negative energy side. If
we define the Fermi surface as E = 0, then either E+p or
E−p will cut across the E = 0 line, at which both the light
and heavy quark components are non-negligible. This
means that when λ 6= 0, the ground state and excitations
around it will be affected by both components. This can
be seen in the plots of n±(E) and S±(E) for λ 6= 0.
The maximum or minimum point will move depending
on the value of λ, and at the Fermi surface (E = 0), both
components will be in general finite.
F. Berry phase and monopole
We have seen that the wavefunctions u
(γ)
ε (p) (ε = E±p )
of the ground state in the Kondo phase give hedgehog
configurations for the effective heavy quark spin which
have nonzero winding numbers. This fact implies the ne-
cessity of topological interpretation of the states. Here we
provide another property related to topology, the Berry
phase [38]. We define the Berry connection (or gauge
field) as follows:
~A(γ)ε (~p ) = 〈u(γ)ε (~p )|(−i)~∇p|u(γ)ε (~p )〉, (69)
is small. When Nf is large, both the transport and thermody-
namic properties will be dominantly determined by the unmixed
Nf − 1 flavor light quarks.
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where the derivative is defined with respect to mo-
mentum ~∇p =
(
∂
∂px
, ∂∂py ,
∂
∂pz
)
. By using the
wavefunctions (60)–(63), the Berry connection is ex-
plicitly given in the polar coordinate ~A
(γ)
ε (~p ) =(
A
(γ)
ε,p(~p ), A
(γ)
ε,θ (~p ), A
(γ)
ε,ϕ(~p )
)
as
A(γ)ε,p(~p ) = 0, (70)
A
(γ)
ε,θ (~p ) = 0, (71)
A(γ)ε,ϕ(~p ) =
{
− 12p cot θ2 for γ = +1,
− 12p tan θ2 for γ = −1.
(72)
We notice that A
(γ)
ε,ϕ(~p ) has the singularities at θ = 0
(γ = +1) and θ = pi (γ = −1), which is the so-called
Dirac string [39]. As we will see later, the singularity lines
can be moved by gauge transformation to other places in
the momentum space, but cannot be eliminated in all
over the space. Next we define the Berry curvature (or
magnetic field) as
~B(γ)ε (~p ) = ~∇p × ~A(γ)ε (~p ). (73)
From Eqs. (70)–(72), the components in the polar co-
ordinate, ~B
(γ)
ε =
(
B
(γ)
ε,p (~p ), B
(γ)
ε,θ (~p ), B
(γ)
ε,ϕ(~p )
)
, are given
by
B(γ)ε,p (~p ) =
γ
2p2
, (74)
B
(γ)
ε,θ (~p ) = 0, (75)
B(γ)ε,ϕ(~p ) = 0. (76)
We notice that only the radial component has a nonzero
magnetic field whose magnitude is 1/(2p2). This result
indicates the existence of a monopole at the origin in the
momentum space.
We define the monopole charge by the surface integral
of ~B
(γ)
ε (~p ) on the surface Σ surrounding the origin in the
momentum space:
Q(γ)ε ≡
1
2pi
∫
Σ
~B(γ)ε (~p ) · d~S. (77)
Substituting Eqs. (74)-(76), we obtain Q
(γ)
ε = γ. This
coincides with the winding number w
(γ)
ε = γ obtained
in Sec. III E. Therefore, we conclude that the winding
number associated with the effective heavy quark spin is
equivalent to the monopole charge in the Berry phase.
We emphasize that Q
(γ)
ε and w
(γ)
ε are topologically con-
served quantities for adiabatic and continuous deforma-
tion of the wavefunctions.
Finally, we consider the gauge transformation of the
Berry connection. Recall that the monopole charge
Q
(γ)
 = γ is the eigenvalue of the operator Σ5(~p). This
implies that the Berry connection is associated with the
U(1) transformation generated by the charge operator
Σ5(~p). Thus, we define the gauge (phase) transforma-
tion for the wavefunction u
(γ)
ε (~p ) as
u(γ)ε (~p )→ eiξ(~p ) Σ5(pˆ)u(γ)ε (~p )
= eiγξ(~p )u(γ)ε (~p ), (78)
with an arbitrary real smooth function ξ(~p ). In the last
line, we have used the relation Σ5(pˆ)u
(γ)
ε (~p ) = γ u
(γ)
ε (~p ).
For the Berry connection, we define the gauge transfor-
mation
~A(γ)ε (~p )→ ~A(γ)ε (~p ) + γ~∇pξ(~p ). (79)
We can easily check that ~B
(γ)
ε (~p ) is invariant for any
smooth ξ(~p ). Therefore, ~B
(γ)
ε and Q
(γ)
ε are gauge-
invariant. This also implies that we can move the Dirac
string by the gauge transformation while keeping the
monopole charge unchanged.
IV. KONDO EXCITONS: COLLECTIVE
EXCITATIONS
In the previous section, we determined the ground
state within the mean-field approximation. In this sec-
tion, we go beyond the mean-field approximation by in-
cluding the effects of fluctuations around the mean-fields.
Then we are able to discuss stability of the mean-field
ground state and collective excitations around the mean-
fields. We consider the “hQ modes” as excitation modes
which are made of a light quark hole h and a heavy
quark Q (in a small momentum region). The analysis
will be performed within the random-phase approxima-
tion (RPA) where we use quark propagators determined
by the mean-field Lagrangian and include the effects of
interactions by summing up the bubble diagrams each of
which represents the light quark and heavy quark excita-
tion. As we will see later the resulting excitation modes
consist of superposition of quark fields with different mo-
menta and we call these collective excitations the Kondo
excitons. Indeed, they appear as bound states when the
interaction in the hQ channel is strongly attractive. Re-
call that we have selected the mean-fields so that they
have nonzero values only for those containing the first
flavor of light quark q1. Thus the effects of mixing is ex-
pected to appear only in the excitation modes containing
the q1 field. It is important to distinguish the excitations
involving q1 andQ from those involving qi (i = 2, . . . , Nf )
and Q.
A. RPA equation
In the following calculation, we use the quark prop-
agators obtained in the mean-field approximation (see
Eq. (26) for its inverse, and Eq. (30) for the propagator
in the Nf = 1 case), and treat the interaction Lagrangian
(42).
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We consider excitation modes in the channels repre-
sented by the composite fields (15)–(18). For the chan-
nel labelled by ` = {S,V,P,A} and flavor i = 1, . . . , Nf ,
we compute the “self-energy” 1iΠ
(i)
` (k0,
~k ) which corre-
sponds to a one-loop bubble diagram as shown in Fig. 5.
Here, k0 and ~k are the energy and momentum of the
excitation mode:
1
i
Π
(i)
` (k0,
~k ) = −Tr
∫
d4p
(2pi)4
Γ¯
(i)
` iG(p0 +
k0
2
, ~p+
~k
2
)
×Γ(i)` iG(p0 −
k0
2
, ~p−
~k
2
), (80)
where the propagator G(p0, ~p ) and the vertex matrices
Γ
(i)
` , Γ¯
(i)
` are defined in Eq. (26), and Eqs. (38)-(41), re-
spectively, and “Tr” is the trace over the color indices,
the Dirac matrices and the flavor matrices. The minus
sign comes from the fermion loop. If we carefully look at
the matrix structure for each channel, we find that the
loop propagators are made of the light quark hole hi with
light flavor i and the heavy quark Q.
In the RPA calculation, we sum up contributions of
the ring diagrams which are made of the bubble diagram,
Eq. (80), to obtain
iU
(i)
` (k0,
~k ) = Γ¯
(i)
`
{
iGc + iGc
(
1
i
Π
(i)
` (k0,
~k )
)
iGc + iGc
(
1
i
Π
(i)
` (k0,
~k )
)
iGc
(
1
i
Π
(i)
` (k0,
~k )
)
iGc + . . .
}
Γ
(i)
`
= Γ¯
(i)
`
iGc
1− GcΠ(i)` (k0,~k )
Γ
(i)
` , (81)
where we have defined Gc ≡ N
2
c−1
4N2c
Gc for brevity. The
pole of the last equation is called the RPA equation:
1− GcΠ(i)` (k0,~k ) = 0. (82)
This equation determines the relation between k0 and ~k,
that is nothing but the dispersion relation of the excited
mode.
B. Dispersions of excited states
To understand the structure of the self-energy, let us
briefly discuss the case Nf = 1 which carries the essential
information on the mixing phenomena. In this case, we
can use the propagator (30) to compute the self-energy
(80). For example, the self-energy in the scalar mode (S)
is given by
1
i
ΠS(k0,~k) = Tr
∫
d4p
(2pi)4
GΨΨ(p1)Gϕϕ(p2), (83)
where p1 = p + k/2, p2 = p − k/2, and Gij(p) is an
element of the propagator in the (ϕ, η,Ψv) space with
ψ = (ϕ, η)t. Namely, they are explicitly given by (see
Eq. (30))
GΨΨ(p) =
p0 − p+ µ
(p0 − E+p )(p0 − E−p )
· 1, (84)
Gϕϕ(p) =
(p0 − λ)(p0 + µ)− |∆|2
(p0 − E˜p)(p0 − E+p )(p0 − E−p )
· 1, (85)
where 1 is a 2×2 identity matrix. This result clearly ex-
plains that one of the two propagators is from the light
quark and the other from the heavy quark, suggesting
that the excitation mode is made of a light quark hole
and a heavy quark. Notice that the heavy-quark compo-
nent of the propagator GΨΨ has only two poles because
the pole at p0 = E˜p cancels with the same factor in the
denominator (see Eq. (30)). The same calculations for
the other channels ` = V,P,A lead to a surprising re-
sult: All the channels have the same structure as the
scalar channel, ΠS(k) = ΠV,k(k) = ΠP(k) = ΠA,k(k).
Furthermore, this is in fact not a special result in the
one-flavor case, but can be seen also in the case Nf > 1.
Indeed, after some calculations, we find for each flavor
index i = 1, . . . , Nf , the self-energies in all the channels
have the same structure:
Π
(i)
S (k0,
~k ) = Π
(i)
V,k(k0,
~k ) = Π
(i)
P (k0,
~k ) = Π
(i)
A,k(k0,
~k ).
(86)
This means that (for each flavor) the excitation energies
for scalar, vector, pseudoscalar and axial vector channels
are degenerate. We notice, however, that the excitation
energy for the light flavor i = 1 is different from those of
the other light flavors i = 2, . . . , Nf , as we confirm in the
numerical calculations.
In evaluating the loop integral, we first pick up the
poles which lie in the Fermi sea for the p0-integral. Here,
we notice that the number of poles is not necessarily equal
to the number of dispersions as we have seen for the
Nf = 1 case. Then the three-momentum |~p | integrals
are performed for 0 ≤ p ≤ Λ with the three-momentum
cutoff parameter Λ. For numerical evaluation, we work at
λ = 0 with the parameter set given in Sec. III B. In Fig. 6,
we show the excitation energies ωk(= k0) for the flavor
i = 1 (upper panel) and the others i 6= 1 (lower panel) as
functions of k = |~k |. Importantly, we find no imaginary
solution for ωk. Therefore, we conclude that our ground
state with the mean-fields introduced in Sec. III A is sta-
ble against the small quantum fluctuations. Also impor-
tant is the absence of zero modes. Although we discussed
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FIG. 5. A one-loop diagram of the self-energy 1
i
Π(k0,~k ).
Solid lines are quark propagators G in the presence of the
Kondo condensate. We denote Γ = Γ
(i)
` and Γ¯ = Γ¯
(i)
` for
` = {S,V,P,A} and i = 1, . . . , Nf .
complicated symmetry breaking pattern associated with
formation of the Kondo condensate, the RPA calculation
does not produce massless modes in the channels consid-
ered here. At present, it is not clear why there is no zero
modes in our RPA calculation.
We can understand these results with the help of dis-
persion relations shown in Fig. 1. First of all, consider
the excitation involving the i = 1 light quark (upper
panel of Fig. 6). Recall that the ground state for λ = 0
is made of the occupied Fermi sea with the dispersion
p0 = E
−
p < 0. Any excitation should be constructed
based on this ground state. For example, when k = 0,
the excitation should be described by a superposition of
states with momenta ~p and −~p, corresponding to a par-
ticle and a hole. This excitation is drawn as a vertical
transition from the (occupied) E−p mode to the (vacant)
E+p mode.
9 The lowest excitation energy is given by the
lowest value of E+p −E−p =
√
(p− µ)2 + 8|∆|2 ≥ 2√2|∆|
which is realized at p = µ. In reality, the interaction be-
tween a light quark and a heavy quark helps to form
a bound state, and the excitation energy will be re-
duced. In the numerical result, the excitation energy
is indeed close to but smaller than the threshold value
2
√
2|∆| ' 0.24 GeV (for |∆| = 0.085 GeV). When k 6= 0,
the transition occurs from the E−p mode with the mo-
mentum p1 = p + k/2 to the E
+
p mode with the mo-
mentum p2 = p − k/2, which is represented as a gray
arrow in the upper panel of Fig. 1. Again, the excita-
tion mode will be made of superposition of such (single-
particle) excitations. The excitation energy for this tran-
sition can be roughly evaluated for small k (and at p = µ)
as E+p2 −E−p1 ' 2
√
2|∆| − k/2. The actual excitation en-
ergy ω(k) will be reduced by the interaction. The dashed
line in the upper panel of Fig. 6 corresponds to the rough
9 We simply call the hQ mode, but in fact the excitation appears as
a superposition of states with different values of p (and different
content). Recall that E+p (E
−
p ) is more like a heavy (light) quark
at small p and more like a light (heavy) quark at large p. Thus,
excitations with small p are made of a hole of the light quark
and a heavy quark, but excitations with large p are made of a
light quark and a hole of the heavy quark.
estimate of the excitation energy, and the numerical re-
sult indeed lies below this line. The negative slope of
the excitation energy is also understood as a result of pe-
culiar behavior of dispersions in the mixing phenomena.
Namely, it appears due to the asymmetry that the min-
imum point of the energy-momentum dispersions above
the Fermi surface is different from the maximum point
below the Fermi surface.
Second, consider the excitation involving the other fla-
vor of light quarks (i 6= 1). Again, we can understand
the numerical results with the help of dispersion rela-
tions as shown in the lower panel of Fig. 1. The differ-
ence from the previous case with i = 1 is two-fold: The
dispersions of the other flavor light quarks are given by
p0 = Ep = p − µ and the modes with p < µ (the Fermi
sea) are occupied in the ground state. Since these light
quarks can interact with the heavy quarks, we are able
to effectively consider the transition from the Ep mode
to the E+p mode. When k = 0, this transition should oc-
cur vertically in the figure of dispersions and the lowest
excitation energy is given by E+p=µ−Ep=µ =
√
2|∆|. The
actual excitation energy will be reduced due to interac-
tion. When k 6= 0, we can again roughly estimate the
excitation energy. In this case, we take p1 = µ for the
dispersion Ep1 , then we find E
+
p2 − Ep1 '
√
2|∆| − k/4.
This corresponds to the dashed line in the lower panel of
Fig. 6 (note that
√
2|∆| = 0.12 GeV). The actual excita-
tion energy is indeed below this threshold line. Therefore,
we understood that the difference between the excitation
energies in the i = 1 mode and the i 6= 1 mode is mainly
due to the different behavior of the dispersion relations.
Notice that, in both cases, the actual excitation modes
appear as superpositions of excitations with different rel-
ative momenta p, and thus are “collective” excitations
similar to exciton modes in condensed matter physics. It
is interesting that the excitations that include the i 6= 1
flavor light quarks have lower energy than that for the
i = 1 mode.
Lastly, let us again emphasize the origin of dispersions
of excitations with negative slopes. In Fig. 7 we show
schematic figures of two different types of excitations cor-
responding to the transitions from the highest state inside
the Fermi sphere to the lowest state outside the Fermi
sphere. Excitations with minimum excitation energy are
indicated by solid arrows. The left panel presents the
case where the momentum for the highest-energy state
for Ep < 0 and that for the lowest-energy state for Ep > 0
coincide with each other. The right panel presents the
case where they are different. The minimum excitation
energy in the left panel is given by the zero momentum
(ωk=0), while that in the right panel is given by the non-
zero momentum (ωk 6=0). The dotted arrow in the right
panel is a excitation with zero momentum (ωk=0), which
is not favored. Hence, we find that, when there is asym-
metry in the dispersion relations, the minimum excita-
tion energy is given by ωk 6=0 with non-zero momentum.
This is the origin of the decreasing behavior of the exci-
tation energies with increasing momentum, as shown in
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FIG. 6. Numerical results of ωk(= k0) as functions of k = |~k |
for hiQ modes (J
P = 0±, 1±) with i = 1 (upper panel) and
i = 2, . . . , Nf (lower panel). The dashed lines are thresholds
for free hi andQ, and the upper gray regions are the scattering
states.
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FIG. 7. Schematic pictures of the particle-hole excitations
from the state inside the Fermi sphere (Ep < 0; thick curves)
to the state outside the Fermi sphere (Ep > 0; thin curves).
See the text for more explanations.
Fig. 6.
V. CONCLUSION AND OUTLOOK
We investigated the ground and excited states of a
quark matter with heavy quark impurities. In order to
study the Kondo effect, we worked with a model having
non-Abelian current-current interactions between a light
quark and a heavy quark. The ground state of this model
was found to be characterized by the Kondo condensates
which are the expectation values of the products of light
and heavy quark operators and generate mixing between
them. We nonperturbatively determined the values of
the Kondo condensates in a self-consistent way within
the mean-field approximation. The wavefunctions of the
ground state are described by the HQS hedgehog configu-
ration in the momentum space, which allows for topologi-
cal interpretation with respect to the Berry phase. As for
the excited states, we solved the RPA equations for the
excitations made of a hole h of the light quark and the
heavy quark Q and found that the ground state is sta-
ble and the excited states appear as exciton-like bound
states.
The primary purpose of the present paper was to
demonstrate the physical consequences of the nonzero
Kondo condensates. Thus we analyzed a simple model
having only the heavy-light interactions. However,
in order to study the Kondo effects in more realistic
quark/nuclear matter in QCD at finite densities, we need
to include the effects of interactions in the light quark sec-
tor. For example, the U(1)A symmetry for light (mass-
less) quarks should be broken by the quantum anomaly,
which could affect the χHQSL symmetry in the Kondo
condensate. Also it would be interesting to include the
effects of interactions between two light quarks, which
generate the chiral symmetry breaking at low densities,
and the color superconductivity at high densities [34, 40–
42]. In both cases, we can investigate the interplay be-
tween them and the Kondo effect (see Ref. [18] as a re-
lated study). In particular, in the color superconductiv-
ity phase with two light flavors Nf = 2 (the 2SC phase),
the original color symmetry SU(3)c is broken to SU(2)c.
If we consider the interaction between the heavy quark
and the gapped light quark (which is still light compared
to the heavy quark mass), we find a mismatch in the non-
Abelian symmetry of the interaction: the SU(2)c symme-
try of the gapped light quark and the SU(3)c symmetry
of the heavy quark. Thus, the gapped light quark with a
smaller symmetry cannot screen the SU(3)c charge of the
heavy quark. This is a novel situation which is not seen in
condensed matter, while this inability of complete screen-
ing is somewhat similar to the “underscreening” Kondo
effect. There are many topological structures of quark
matter in real space [43]. Experimentally, to relate the
present study to observables in the heavy-ion collisions,
it will be also necessary to estimate the transport coef-
ficients of quark matter taking into account the Kondo
condensate. Those subjects are left for future studies.
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Appendix A: Remark on coupling constant Gc
We comment how we determine the numerical value of
the coupling constant Gc. Using the unified representa-
tion φ for the fields ψ1, . . . , ψNf and Ψv (see Eq. (24)),
we start from the following definition of the color-current
interaction with the coupling constant G¯c:
Lint = −G¯c
∑
a
(φ¯γµT aφ)(φ¯γµT
aφ)
= −G¯c
∑
a
{
(ψ¯γµT aψ)(ψ¯γµT
aψ) + 2(ψ¯γµT aψ)(Ψ¯vγµT
aΨv) + · · ·
}
. (A1)
Thus, this interaction generates the current-current in-
teraction in the light quark sector
LLLint = −G¯c
∑
a
(ψ¯γµT aψ)(ψ¯γµT
aψ), (A2)
and the interaction between the light current and the
heavy current:
LLHint = −2G¯c
∑
a
(ψ¯γµT aψ)(Ψ¯vγµT
aΨv). (A3)
The latter interaction is the same as that in Eq. (1) when
Gc = 2G¯c is satisfied.
The value of the coupling constant Gc is given once we
determine the value of G¯c in Eq. (A2). The value of G¯c
is evaluated for the Nf = 2 case (ψ = (ψ1, ψ2)
t) so that
the interaction (A2) reproduces the properties of light
hadrons. We transform LLLint to the Nambu–Jona-Lasinio
type interaction
LNf=2NJL = G˜c
(
(ψ¯ψ)(ψ¯ψ) + (ψ¯iγ5~τψ)(ψ¯iγ5~τψ)
)
, (A4)
with G˜c = (2/9)G¯c. Here, we use the Fierz identities for
SU(Nc) color operators, Eq. (B4) with N = Nc = 3,
where ~τ = (τ1, τ2, τ3) are the Pauli matrices for the
isospin. In the literature, it is known that the low
energy properties of light hadrons are well reproduced
with the values of G¯c given by G¯cΛ
2 = 2.14 where
the three-dimensional momentum cutoff parameter is
Λ = 0.653 GeV [32, 33]. Using these parameter values,
we set G˜cΛ
2 = 2.0 and Λ = 0.65 GeV, which leads to
G¯cΛ
2 = (9/2)2.0. In this way, we use GcΛ
2 = (9/2)4.0
with Λ = 0.65 GeV in our numerical calculations.
Appendix B: Fierz identities
Here we summarize the Fierz identities. The Fierz
identities for Dirac matrices are
(γµ)αβ(γµ)γδ = δαδδγβ + (iγ5)αβ(iγ5)γδ
−1
2
(γµ)αβ(γµ)γδ − 1
2
(γµγ5)αβ(γµγ5)γδ,
(B1)
(γµ)αβ(γµ)γδ = (iγ5C)αγ(Ciγ5)δβ + (C)αγ(C)δβ
−1
2
(γµγ5C)αγ(Cγµγ5)δβ
−1
2
(γµC)αγ(Cγµ)δβ , (B2)
with C = iγ2γ0, where sum over µ = 0, 1, 2, 3 is taken.
The Fierz identities for the matrices of the SU(N) gen-
erators are
δijδkl =
1
N
δilδkj +
1
2
(λa)il(λ
a)kj , (B3)
(λa)ij(λ
a)kl = 2
N2 − 1
N2
δilδkj − 1
N
(λa)il(λ
a)kj ,(B4)
and
(λA)ij(λ
A)kl =
N − 1
N
δikδlj − 1
2
(λa)ik(λ
a)lj , (B5)
(λS)ij(λ
S)kl =
N + 1
N
δikδlj +
1
2
(λa)ik(λ
a)lj , (B6)
where sums over a = 1, . . . , N2 − 1, S for symmetric
matrices (including λ0) and A for asymmetric matrices
are taken.
Appendix C: Kondo condensate of Weyl fermions
In this appendix, we consider the Weyl fermion with
the color-current interaction, and show that the coex-
istence of the scalar Kondo condensate and the vector
Kondo condensate is realized in the ground state within
the mean-field approximation. For simplicity, we con-
sider the one flavor case for the light quark, Nf = 1.
We determine the form of the color-current interaction
for the Weyl fermion through the interaction for the Dirac
fermion ψ. The Dirac fermion is decomposed into the
right-handed Weyl fermion χ and the left-handed Weyl
fermion ϕ as
ψ =
1√
2
(
χ+ ϕ
χ− ϕ
)
, (C1)
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in the standard (Dirac) representation. Applying this to
the interaction term in Eq. (3), picking up the terms rel-
evant to χ, and performing the Fierz transformation, we
obtain the interaction Lagrangian for the right-handed
Weyl fermion
Lχint = −
Gc
4
∑
a
χ†λaχΨ†vλ
aΨv
=
(N2c − 1)Gc
4N2c
χ†Ψv Ψ†vχ+
(N2c − 1)Gc
4N2c
χ†~σΨv Ψ†v~σχ
− Gc
8Nc
∑
a
χ†λaΨv Ψ†vλ
aχ
− Gc
8Nc
∑
a
χ†~σλaΨv Ψ†v~σλ
aχ. (C2)
Here the Fierz transformation is used for SU(2) spin sym-
metry, Eq. (B3) with N = Nf = 2 and for SU(Nc) color
symmetry, Eq. (B4) with N = Nc = 3. In the following,
we focus on the color singlet term in Eq. (C2), namely
Lχ,singint = gc
(
χ†ΨvΨ†vχ+ χ
†~σΨvΨ†v~σχ
)
, (C3)
with gc = (N
2
c − 1)Gc/4N2c . In addition, including the
kinetic terms and the constraint condition for the heavy
quark field, we obtain the effective Lagrangian
Lχ,singeff = χ†(p0 + µ− ~σ ·~p )χ+ p0Ψ†vΨv
+gc
(
χ†ΨvΨ†vχ+ χ
†~σΨvΨ†v~σχ
)
−λ (Ψ†vΨv − nQ) . (C4)
We proceed the same procedures as in the Dirac
fermions. We first introduce the scalar filed Φ = gcχ
†Ψv
and the vector field ~Φ = gcχ
†~σΨv, and rewrite the inter-
action terms as
gcχ
†ΨvΨ†vχ = Φ Ψ
†
vχ+ χ
†ΨvΦ† − 1
gc
|Φ|2, (C5)
gcχ
†~σΨvΨ†v~σ χ = ~Φ·Ψ†v~σ χ+ χ†~σΨv ·~Φ† −
1
gc
|~Φ|2, (C6)
for the scalar channel and for the vector channel, respec-
tively. Then, the Lagrangian (C4) is given as
Lχ,singeff = (χ†,Ψ†v)
(
p0 + µ− ~σ ·~p Φ† + pˆ·~Φ†
Φ + pˆ·~Φ p0 − λ
)(
χ
Ψv
)
− 1
gc
(
|Φ|2 + |~Φ|2
)
+ λnQ, (C7)
where the rest frame for the heavy quark is taken vµ =
(1,~0 ). We notice that so far Φ and ~Φ are treated inde-
pendently, and that Eq. (C7) is equivalent to Eq. (C4).
In Eq. (C7), we apply the mean-field approximation by
replacing Φ and ~Φ by 〈Φ〉 and 〈~Φ〉, respectively. We con-
sider the following two different types of condensation:
(i) Either of 〈Φ〉 or 〈~Φ〉, but not both, has a finite expec-
tation value, (ii) Both of 〈Φ〉 and 〈~Φ〉 have finite expec-
tation values, and are related with each other. Namely,
we consider two different cases:
(i) (〈Φ〉, 〈~Φ〉) = (∆,~0 ) or (0,∆pˆ), (C8)
(ii) (〈Φ〉, 〈~Φ〉) = (∆,∆pˆ). (C9)
The latter case realizes the coexistence of the scalar and
vector condensates. We can judge which type of conden-
sate is favored by investigating the thermodynamic po-
tentials and the gap equations. Below we discuss these
two cases separately.
Case (i):
Inserting the ansatz into the Lagrangian (C7), we find
four dispersion relations:
±p =
1
2
(
p− µ+ λ±
√
(p− µ− λ)2 + 4|∆2|
)
, (C10)
˜±p =
1
2
(
−p− µ+ λ±
√
(p+ µ+ λ)2 + 4|∆2|
)
. (C11)
Using these solutions, the thermodynamic potential is
given by
Ω(i)(T, µ, λ; ∆)
= Nc
∫ Λ
0
f (i)(T, µ, λ; p)
p2dp
2pi2
+
1
gc
|∆|2 − λnQ, (C12)
where f (i)(T, µ, λ; p) = −β−1 ln[(1 + e−β+p )(1 +
e−β
−
p )(1 + e−β˜
+
p )(1 + e−β˜
−
p )]. At zero temperature
(β → ∞) and λ = 0, we have a simplified form
f (i)(0, µ, 0; p) = −p + ˜
−
p , and obtain the thermodynamic
potential
Ω(i)(0, µ, 0; ∆) = Nc
∫ Λ
0
(
E−p + E˜
−
p
) p2dp
2pi2
+
1
gc
|∆|2
' − Nc
24pi2
(3Λ4 + 4Λ3µ+ µ4)
− Nc
2pi2
(Λ2 − 2µ2)|∆|2
+
Nc
2pi2
µ2|∆|2 ln |∆|
2
Λ2 − µ2
+
|∆|2
gc
, (C13)
where, in the last line, we expanded the equation with
respect to small |∆|. From the minimization condition
∂Ω(i)(0, µ, 0; ∆)/∂∆∗ = 0, we obtain two solutions: a
trivial solution |∆| = 0 and a non-trivial one
|∆| = α′
√
Λ2 − µ2 exp
(
− pi
2
Ncµ2gc
)
, (C14)
with α′ = exp
(
(−3µ2 + Λ2)/(2µ2)). The solution which
minimizes the thermodynamic potential is given by the
second solution.
Case (ii):
We follow the same procedures: we find four dispersions
as
ε±p =
1
2
(
p− µ+ λ±
√
(p− µ− λ)2 + 16|∆2|
)
, (C15)
ε˜p = −p− µ, (C16)
ε0 = λ. (C17)
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FIG. 8. Plots of the thermodynamic potentials as functions
of |∆|. The dashed line is for Ω(i), and the solid line for Ω(ii).
The parameters we used are gcΛ
2 = 1, Nc = 3, µ = 0.5 GeV,
Λ = 1 GeV and T = 0.
Notice that the gap |∆| appears only in two dispersions
ε±p . The thermodynamic potential is given by
Ω(ii)(T, µ, λ; ∆)
= Nc
∫ Λ
0
f (ii)(T, µ, λ; p)
p2dp
2pi2
+
2
gc
|∆|2 − λnQ, (C18)
with f (ii)(T, µ, λ; p) = −β−1 ln[(1+e−βε+p )(1+e−βε−p )(1+
e−βε˜p)(1 + e−βε0)]. At zero temperature (β → ∞) and
λ = 0, we have a simplified form f (ii)(0, µ, 0; p) = ε−p +ε
−
p ,
and obtain the thermodynamic potential
Ω(ii)(0, µ, 0; ∆) = Nc
∫ Λ
0
(
ε−p + ε˜p
) p2dp
2pi2
+
2
gc
|∆|2
' − Nc
24pi2
(3Λ4 + 4Λ3µ+ µ4)
−Nc
pi2
(Λ2 + 2Λµ− 4µ2)|∆|2
−2Nc
pi2
µ2|∆|2 ln (Λ− µ)µ
4|∆|2
+
2|∆|2
gc
, (C19)
where, in the last line, we expanded the equation with
respect to small |∆|. From the minimization condition
∂Ω(ii)(0, µ, 0; ∆)/∂∆∗ = 0, we find a trivial solution
|∆| = 0 and a non-trivial one
|∆| = α
′′
2
√
µ(Λ− µ) exp
(
− pi
2
2Ncµ2gc
)
, (C20)
with α′′ = exp
{
(Λ2 + 2Λµ − 6µ2)/(4µ2)}. The solution
which minimizes the thermodynamic potential is given
by the second solution.
Let us compare the gap for the case (i), Eq. (C14), and
the one for the case (ii), Eq. (C20). We notice that the
exponential factors are different; ∼ e−pi2/(Ncµ2gc) for the
case (i) and ∼ e−pi2/(2Ncµ2gc) for the case (ii). Hence we
find that the gap in (ii) is much larger than that in (i).
We also find that the thermodynamic potential Ω(ii) is
indeed smaller than Ω(i), as shown in Fig. 8. Therefore,
we conclude that the case (ii) with the coexisting scalar
and vector condensates is more stable than the case (i).
The same procedure is applied to the left-handed Weyl
fermion, and the similar conclusion is drawn.
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